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Abstract. In this work we address the problem of existence and uniqueness (finiteness) of
ergodic equilibrium states for partially hyperbolic diffeomorphisms isotopic to Anosov on T4 ,
with 2-dimensional center foliation. To do so we propose to study the disintegration of measures
along 1-dimensional subfoliations of the center bundle. Moreover, we obtain a more general
result characterizing the disintegration of ergodic measures in our context.
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1. Introduction
In dynamics we are interested in the orbits under some law of motion, but it is usually a better
way to have a global view of the dynamics to understand it from a probabilistic point of view. That
is, instead of being concerned with the orbit of any point we want to say important information
about most of the orbits, or at least for those which are (for any reason) particularly important.
Hence, it comes to play ergodic theory, which deals with dynamical systems from a probabilistic
point of view.
From the ergodic theory point of view, invariant measures have play an important role in the
theory. In the 1970s, Sinai, Ruelle and Bowen ([5] and references therein) started to study equilibrium states in dynamical systems inspired by techniques and results from statistical mechanics.
Given a diffeomorphism f over a compact manifold M , an equilibrium state for a continuous
potentialR φ : M → R is an f -invariant Borel probability measure µ that maximizes the quantity
hµ (f )+ φdµ among all f -invariant measures. When φ ≡ 0, the measure µ is called maximal
entropy measure. An interesting problem of ergodic theory is to determinate existence and uniqueness of equilibrium states with respect to some class of potentials. In the setting of uniformly
hyperbolic diffeomorphisms, Bowen [6] solved this problem for Hölder continuous potentials, and
in other contexts there exists many approach for this problem.
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Since the pioneering works of Sinai, Ruelle and Bowen on thermodynamical formalism many
results have been obtained, in particular in the context of non-uniformly hyperbolic maps and partially hyperbolic diffeomorphisms. Climenhaga and Thompson extended Bowen’s techniques for a
nonuniform setting [12, 11], using those general techniques, Climenhaga et. al. [11, 12] proved that
robustly transitive diffeomorphisms introduced by Mañé and Bonatti-Viana have a unique equilibrium state for natural classes of potentials. For potentials with a small variational condition, Rios
and Siqueira [20] obtained uniqueness of equilibrium states for partially hyperbolic horseshoes. For
the same class of potentials that we will study in this work, Carvalho and Pérez [10] obtained similar results about equilibrium states for a class of skew product. Recently, Climenhaga et. al. [13]
studied uniqueness of equilibrium states for certain transitive partially hyperbolic diffeomorphisms.
In this work we are also concerned with thermodynamical formalism in the less explored context
of a partially hyperbolic diffeomorphism with higher dimensional center foliaiton (i.e. two dimensional or higher) which are isotopic to Anosov. Using disintegration techniques of measures along
the center foliation, under some extra assumptions, we obtain similar results to those Crisostomo
and Tahzibi [14]. We give conditions on f and its center foliation under which one can control the
geometry of the preimage of the semiconjugacy. Roughly speaking, our conditions are
• that f is dynamically coherent and the center foliation splits into line-bundles, and
• that the preimage of a point x under the semiconjugacy is contained in a unique center
leaf and has a “controlled geometry”, namely a rectangle-like structure.
In particular these assumptions are satisfied by the maps considered by Buzzi et. al. [8] and
Carrasco et. al. [9], such maps are isotopic to a linear Anosov.
Under these hypotheses we address the problem of existence and uniqueness (or finiteness) of
the equilibrium states. On what follows the set C is the set where the semiconjugacy of f with its
linearization is not injective. We now present our results:
Theorem A. Let f : T4 → T4 be a partially hyperbolic diffeomorphism isotopic to Anosov. Under
the above assumptions if the measure of C is zero we have uniqueness of the equilibrium state.
Otherwise, the disintegration of the measure on the center foliation is atomic and, under some
additional assumptions, the equilibrium state is “virtually hyperbolic” and not unique.
By virtually hyperbolicity we mean that there exists a full measurable invariant subset which
intersects each center leaf in at most one point. This result would actually follow from a more
general one regarding ergodic measures:
Theorem B. Let f : T4 → T4 be a partially hyperbolic diffeomorphism isotopic to Anosov. Under
the above assumptions if the measure of C is zero the system is almost conjugated to an Anosov.
Otherwise, the disintegration of the measure is atomic and, under some additional assumptions,
the measure is “virtually hyperbolic”.
A precise statement on the assumptions and the main results are given in Section 3 int Theorem
4 and Theorem 3 respectively. The novelty with respect to previous works is the study for partially hyperbolic diffeomorphims with 2-dimensional (or higher) center foliations. This is done by
a careful study on the disintegration of the measures along the line-bundles of the center foliation.
Remark 1. We remark that the results of theorems A and B are valid for partially hyperbolic
diffeomorphisms f : Tn → Tn isotopic to Anosov with k-dimensional center bundle with 1 ≤ k < n.
Provided that they satisfy the assumptions above. The proof for the higher dimensional case follows
in a similar way as in the 2-dimensional case. A further discussion about it will be presented in
Section 4.
The remainder of the article is organized as follows. In the next Section we discuss some
necessary preliminaries in equilibrium states, partially hyperbolic dynamics and disintegration of
the measures. In Section 3 we give precise statements os our main results, while their proofs are
presented in sections 4, 5 and 6.
2. Preliminaries
2.1. Entropy and equilibrium states. Let (M, d) be a compact metric space and f : M → M
a continuous map. For δ ∈ (0, 1), n ∈ N and ǫ > 0, a finite set E ⊂ M is called an (n, ǫ, δ)-covering
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if the union of the all ǫ-balls, Bn (x, ǫ) = {y ∈ M : d(f i (x), f i (y)) < ǫ}, centered at points x ∈ E
has µ-measure greater than δ. The metric entropy is defined by
1
hµ (f ) = lim lim sup log min{#E : E ⊆ M is a (n, ǫ, δ)-covering set}.
ǫ→0 n→∞ n
A set E ⊆ M is said to be (n, ǫ)-separated, if for every x, y ∈ E, x 6= y, there exists i ∈ {0, . . . , n−1}
such that d(f i x, f i y) ≥ ǫ. The topological entropy on a non-empty compact set K ⊂ M is defined
by
1
h(f, K) = lim lim sup log sup{#E : E ⊆ K is (n, ǫ)-separated}.
ǫ→0 n→∞ n
We denote htop (f ) := h(f, M ).
Definition 1. Let f : M → M be a continuous map over a compact manifold M . An f -invariant
Borel probability measure µ is an equilibrium state for f with respect to a potential φ ∈ C 0 (M, R)
if it satisfies
Z
Z
hµ (f ) + φdµ = sup{hν (f ) + φdν : ν ∈ M(f )},
where hµ (f ) is the metric entropy of f with respect to µ. If φ ≡ 0, µ is called measure of
maximal entropy.
2.2. Partially hyperbolicity. Let f : M → M be a diffeomorphism defined on a compact
manifold M , f is said to be partially hyperbolic if:
(1) There exists a non-trivial splitting of the tangent bundle T M = E s ⊕ E c ⊕ E u invariant
under the derivative Df ;
(2) There exist a Riemannian metric k·k on M , such that we have positive continuous functions
ν, ν̂, γ, γ̂ with ν, ν̂ < 1 and ν < γ < γ̂ −1 < ν̂ −1 such that, for any unit vector v ∈ Tx M ,
if v ∈ E s (x),

kDf (x)vk < ν(x)
γ(x) <kDf (x)vk < γ̂(x)
ν̂(x)

−1

−1

if v ∈ E c (x),
if v ∈ E u (x).

<kDf (x)vk

The bundles E s , E u , E c are called the stable, unstable and center bundle respectively. It is wellknown that the stable and unstable bundles integrate to f -invariant foliations F s and F u [17].
The leaf of F σ containing x will be called W σ (x), for σ = s, u. Such foliations are f -invariant,
that means f sends leaves to leaves.
Remark 2. Not always the central bundle E c may be tangent to an invariant foliation, but whenever such a foliation exists, it is denoted by F c .
Definition 2. A partially hyperbolic diffeomorphism f : M → M is called dynamically coherent if
there exist invariant foliations F cσ tangent to E cσ = E c ⊕ E σ for σ = s, u.
Remark 3. In this article we assume that f preserves the orientation on the F i leaves.
2.3. Derived from Anosov.
Definition 3. A C 1 -diffeomorphism f : Td → Td is called Derived from Anosov (DA) if it is
isotopic to its action in the homology A : H1 (Td ) → H1 (Td ). We call A the linear part of f .
By a well-known result of Franks [16] there exist a semiconjugacy H : Td → Td between f and
A, that is, H ◦ f = A ◦ H. Moreover, its lift H̃ to Rd semiconjugates f˜ to Ã, and for some constant
K we have
kH̃ − id kC 0 ≤ K.
In particular, H̃ is proper. The constant K depends continuously on f , and tends to zero as f
tends to A in the C 1 norm. For every x̃ ∈ Rd , each H̃ −1 (x̃) is a compact set whose diameter is
uniformly bounded from above diam(H̃ −1 (x̃)) ≤ 2E.
Remark 4. Take µ any f -invariant measure and let ν = H∗ µ. It is well-known that hµ (f ) ≥
hν (A). Furthermore, the Ledrappier-Walters Variational principle [18] says that
Z
h(f, H −1 (x))dν(x).
(1)
sup hµ (f ) = hν (A) +
µ:H∗ µ=ν

Td
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Hence, when h(f, H −1 (x)) = 0 for every x ∈ Td , we have that for any f -invariant measure µ
hµ (f ) = hν (A).

(2)

Consider a potential φ : Td → R for A and define ϕ = φ ◦ H. A well-known result due to Bowen
[7] states that if µ is an equilibrium state of (f, ϕ) then, ν = H∗ µ is an equilibrium state of (A, φ).
Furthermore, the reciprocate is also true under certain conditions:
Lemma 1. Let f : Td → Td be a DA partially hyperbolic diffeomorphism. Let φ : Td → R be a
continuous potential and define ϕ = φ ◦ H . Assume that h(f, H −1 (x)) = 0 for every x ∈ Td . If ν
is an equilibrium state for (A, φ), then every µ ∈ M(f ) such that H∗ µ = ν is an equilibrium state
for (f, ϕ = φ ◦ H).
Proof. Let ν be an equilibrium state for (A, φ). By the Riezs theorem and the compactness of the
set of Borel probability measures on Td we can guarantee the existence of an f -invariant measure
µ such that ν = H∗ µ (see for example [7, Lemma 4.3] for a similar construction). Moreover, by
(2) we have that




Z
Z
sup hη (f ) + ϕdη : η ∈ M(f ) = sup hH∗ η (A) + φdH∗ η : η ∈ M(f ) ,


Z
≤ sup hν̂ (A) + φdν̂ : ν̂ ∈ M(A) ,
Z
≤ hν (A) + φdν.
Therefore, any f -invariant measure µ satisfying that ν = H∗ µ is an equilibrium state for (f, ϕ). 
2.4. Rectangle structure. We say that a DA partially hyperbolic diffeomorphism f : Td → Td
has rectangle structure in the center bundle if:
A. There exist a splitting E c = E 1 ⊕ E 2 where each E i is a line-bundle and integrates to an
f -invariant foliation F i , for i = 1, 2.
B. For every x ∈ Td , if z, z ′ ∈ H −1 (x) and z ′ ∈ F i (z) for some 1 ≤ i ≤ 2, then
[z, z ′ ]i ⊂ H −1 (x),
where [z, z ′ ]i is the closed interval inside F i (z) with end points z and z ′ .
C. For each x ∈ Td , H −1 (x) is a finite union of rectangles contained in a unique center leaf
of F c .
The rectangles mentioned above are compact sets obtained in the following inductive procedure.
Let z0 , ..., zk , with 1 ≤ k ≤ ℓ, be points in H −1 (x) such that zj ∈ F ij (z0 ). We construct the
rectangle (of dimension k and corner z0 ) by starting with R1 = [z0 , z1 ]i1 ⊂ F i1 (z0 ). Taking
i2 6= i1 we can define R2 as the trace inside F c (z0 ) of the set obtained by sliding R1 along
[z0 , z2 ]i2 ⊂ F i2 (z0 ), that is,
[
[w, y(w)]i1 ,
R2 =
w∈[z0 ,z2 ]i2

where [w, y(w)]i1 is the image of [z0 , z1 ]i1 by the F i2 -holonomy. Continuing this way, we can define
Rk as
[
Rk−1 (w),
Rk =
w∈[z0 ,zk ]i2

where Rk−1 (w) is a rectangle of dimension k − 1 and corners z0 , ..., zk−1 obtained as the image of
Rk−1 in the corresponding center manifold by the F ik -holonomy sending z0 in w.
In a recent work, Carrasco et. al. [9] proved that, if the center bundle of f is strongly simple (it
decomposes into one dimensional sub-bundles with global product structure), then it has rectangle
structure in the center bundle. Moreover, they also proved that for every x ∈ Td then:
h(f, H −1 (x)) = 0.
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2.5. Disintegration of measures. Let (M, B, µ) be a probability space, where M is a compact
metric space, B the borelian σ-algebra and µ a probability measure. Let P be a partition of M
and B̂ = π∗ B, µ̂ = π∗ µ where π : M → M/P is the canonical projection that assigns to each point
x ∈ M the element P(x) of the partition that contains it, then (M̃ := M/P, B̂, µ̂) is a probability
space.
Definition 4. A disintegration of µ with respect to P is a family {µP }P ∈P of conditional probability
measures on M such that:
R
(1) given φ ∈ C 0 (M ), then P 7→ φdµP is measurable;
(2) µP (PR ) = 1, µ̂-a.e.;
R
R R
(3) µ = M̃ µP dµ̂, i.e, if φ ∈ C 0 (M ), then φdµ = M̃ P dµP dµ̃.

When it is clear which partition we are referring to, we say that the family {µP } disintegrates
the measure µ. There exists an equivalent form of writing the disintegration formula above:
Z
µx dµ
µ=
M

by considering the conditional measures µx , x ∈ M where µx = µy if y ∈ P(x).
Proposition 1 ([22]). If {µP }P ∈P and {µ̃P }P ∈P are disintegrations of µ with respect to P, then
µP = µ̃P for µ̂-almost every P ∈ P.
The previous proposition asserts that disintegrations are essentially unique, when they exist.
Consequently, for an invariant measure it follows that:
Corollary 1. If f : M → M preserves a probability measure µ and the partition P, then f∗ µP =
µf (P ) µ̂-a.e.
Definition 5. We say that a partition P of M is measurable with respect to probability measure
µ if there exist a measurable family {Ai }i∈N and a measurable set C of full measureTsuch that if
B ∈ P, then there exists a sequence {Bi }i∈N , where Bi ∈ {Ai , Aci } such that B ∩ C = i∈N Bi ∩ C.

The next theorem guarantees the existence of disintegrations with respect to a measurable
partition.
Theorem 1 (Rokhlin’s Disintegration [21]). Let P be a measurable partition of a compact metric
space M and µ a Borel probability measure. Then, µ admits some disintegration with respect to P.
The partition by leaves of a foliation may be non-measurable in general. For instance, this is
the case for the stable and unstable foliations of Anosov diffeomorphisms with respect to measures
of non vanishing metric entropy. Instead, one must consider disintegrations on compact foliated
boxes. This conditional measures will depend on the foliated boxes, however, in [3, Lemma 3.2]
they proved that this measures are defined up to scaling. That is, they are equivalence classes
where one identifies any two (possibly infinite) measures that differ only by a constant factor.
Definition 6. We say that a foliation F has atomic disintegration with respect to a measure µ if
the conditional measures on any foliated box are sum of Dirac measures.
Another way to define atomic disintegration is as follows: there exist a full measurable subset
Z such that Z intersects all leaves in at most a countable set.
Even though the disintegration of a measure along a general foliation is defined in compact
foliated boxes, it makes sense to say that a foliation F has a quantity k ∈ N of atoms per leaf. The
meaning of “per leaf” should always be understood as a generic leaf, i.e. almost every leaf. That
means that there is a set A of µ-full measure which intersects a generic leaf on exactly k points.
Definition 7. We say that a measure is virtually hyperbolic if there is a full measure set which
intersects the center leaf in at most one point.
Let us finish this section by enunciating a well-known result known as the Measurable Choice
Theorem. This result has appeared in the context of Decision Theory from Economics and as been
proved by R. J. Aumann [2]:
Theorem 2 (Measurable Choice Theorem). Let (T, µ) be a σ-finite measure space, let S be a
Lebesgue space, and let G be a measurable subset of T × S whose projection on T is all of T . Then
there is a measurable function g : T → S, such that (t, g(t)) ∈ G for almost all t ∈ T .
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3. Main results
For now on we focus in DA partially diffeomorphisms in T4 with 2-dimensional center bundle.
Consider the set
C := {x ∈ T4 : #H −1 H(x) > 1}.
(3)
We claim that C is a measurable set. One may check that by first observing that by simply
reproducing ipsis litteris the proof of [19, Lemma 3.2] only changing T3 by T4 and R3 by R4 one
obtains that the set H(C) is a measurable set. Hence C = H −1 H(C) is a measurable set. Moreover, notice that C is f -invariant.
We are now able to properly state Theorem B:
Theorem 3. Let f : T4 → T4 be a DA partially hyperbolic diffeomorphism dynamically coherent
and with rectangle structure in the center bundle. Assume that f preserves the orientation of F i ,
for i = 1, 2. Then, if µ be an ergodic probability for f
(1) If µ(C) = 0, (f, µ) is almost conjugate to an Anosov.
(2) If µ(C) = 1, C defines a partition such that µ has atomic disintegration with a finite
number of atoms.
Mixed derived from Anosov examples g : Td → Td introduced by Buzzi et. al. [8, Section 5]
satisfy the dynamical coherent and rectangle structure hypothesis. In particular, the center folicu
ation F c admits two invariant 1-dimensional sub-foliations F cu , F cs such that H −1 (x) ∩ Floc
(x)
−1
cs
and H (x) ∩ Floc (x) are segments in the center foliation. Another class of derived from Anosov
f : T4 → T4 that satisfy these assumptions was studied by Carrasco et. al. [9, Theorem A and
Section 3].
The virtually hyperbolicity result mention in Theorem B follows from the next corollary.
Corollary 2. Under the assumptions of Theorem 3. Let us assume that ν := H∗ µ has full support
and the semiconjugacy H sends center leaves of f to center leaves of A. If one of the following
conditions is satisfied
(1) The center direction of A is expansive or contractive.
(2) H(F i ) is some invariant foliation of A, for each i = 1, 2.
Then, µ is virtually hyperbolic.
Now, we consider the following property:
(H) h(f, H −1 (x)) = 0, for all x ∈ Td .
As mention before in Section 2.4, [9, Theorem 4.1] guarantees that DA partially hyperbolic diffeomorphisms with central bundle E c strongly simple (see definition [9, Definition 1.4]) also satisfy
the assumption (H). Furthermore, [8, Corollary 5.2] guarantees that mixed derived from Anosov
examples satisfy the assumption (H).
Let us recall that if f : T4 → T4 is a DA partially hyperbolic diffeomorphism with a dominated
splitting, then the existence of equilibrium states associated to any continuous potential is guaranteed as a consequence of the work of Díaz et. al. [15, Corollary 1.3]. The assumption (H) will
guarantee the existence of the equilibrium state as a consequence of Lemma 1. Moreover, Theorem
A also gives a partial answer to the uniqueness problem of the equilibrium states. We now proceed
to formaly state Theorem A:
Theorem 4. Let f : T4 → T4 be a DA partially hyperbolic diffeomorphism dynamically coherent,
with rectangle structure in the center bundle and satisfying (H). Let us assume that φ is a continuous
potential such that (A, φ) that has a unique equilibrium state with full support. Define the potential
ϕ = φ ◦ H and µ be any ergodic equilibrium state of f with respect to ϕ. If f preserves the
orientation of F i , i = 1, 2 then:
(1) if µ(C) = 0, then µ is the unique equilibrium state;
(2) if µ(C) = 1, C defines a partition such that µ has atomic disintegration with a finite
number of atoms. Moreover, if the semiconjugacy H sends center leaves of f to center
leaves of A and one of the following conditions is satisfied
(a) The center direction of A is expansive or contractive.
(b) H(F i ) is some invariant foliation of A, for each i = 1, 2.
Then µ is virtually hyperbolic and it is not a unique equilibrium state.
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4. Proof of Theorem B
From now on we assume µ(C) = 1 and let us prove that the partition determined by C has
atomic disintegration. That is, consider the partition:
P := {P(x) := H −1 H(x)|x ∈ C}.
Let us prove that P is a measurable partition with respect to any measure considered. Let
{Ai }i∈N be a countable basis for the topology of T4 . Now for any point x ∈ T4 we have sets
Bi ≡ Bi (x) ∈ {Ai , Aci } such that {x} = ∩i∈N Bi . Since {H −1 (Ai )} is a measurable set (because Ai
is an open set and H is continuous) notice that
\
H −1 (x) =
H −1 (Bi ).
i∈N

Thus proving that P is a measurable partition. Moreover, it is easy to see that P is left invariant
by f , that is f (P(x)) = P (f (x)).
Assume, without loss of generality, that F 1 is oriented and f preserves its orientation. We define
another partition Q as the one whose elements are the connected components of the intersection
of elements of P and F 1 . That is
Q := {Q(x) = F 1 (x) ∩ P(x)|x ∈ C}.
Recall that, by the rectangle structure, H −1 (z) is a finite union of rectangles in F c , so we can
write for each x ∈ C
nx
[
Rj (x),
(4)
P(x) =
j=1

where nx represents the number of rectangles in the class and Rj (x) denotes a rectangle of dimension 1 ≤ kj = kj (x) ≤ 2 with corners z0 , ..., zkj . Moreover, assumption B. guarantees that
Q(x) has only one connected component, an interval or a point. Therefore, the foliation of each
element of P by F 1 is a foliation by compact leaves. Thus, we can consider Q as a measurable
partition. Indeed, any foliation with compact leaves can be consider as a measurable partition, see
[4, Proposition 3.7]. Let us denote the conditional measures on Q by µx .
It is easy to see that the partition Q is f -invariant and, therefore, f∗ µx = µf (x) . Consider
b := C/Q the canonical projection that assigns to each point x ∈ C the element Q(x) of
π:C→C
the partition that contains it. Denote the quotient measure as µ̂ = π∗ µ.
Lemma 2. The measure µ has atomic disintegration with respect to the partition Q.
Proof. We want to show that the conditional measure µx is a countable linear combination of Dirac
masses for µ̂-almost every Q(x) ∈ Q. By absurd assume there exist a set Λ̂ ⊂ Q with positive
µ̂-measure such that for every Q(x) ∈ Λ̂ the measure µx is not atomic. Moreover, by the invariance of the disintegration, Λ̂ can be assumed to be invariant and, by the ergodicity, of full measure.
Let Q = Q(x0 ) ∈ Λ̂ ∩ supp(µ̂) and let B be a foliated (by F 1 ) box around Q. That is, some
image of a topological embedding
φ : D3 × D1 → T4 ,
where Dk is the closed unit disk in Rk and, such that every plaque Px = φ({x} × D1 ) is contained
in a leaf of F 1 . Let us identified B with the product D3 × D1 through the corresponding homeomorphism. Let V̂ be an open neighborhood of Q small enough so it is contained in B. Moreover,
since H̃ −1 (x̃) is uniformly bounded we can assume that B contains P(x) for every x ∈ D3 .
Consider the following map
ψ : D3 × [0, 1] → B
(x, t)

7→ (x, θx (t))

where (x, θx (t)) is defined as the higher point in the local leaf Q(x) ⊂ B such that µx ([x, θx (t)]1 ) = t.
Notice that ψ is an invertible map when restricted to its image. Moreover, since we are assuming a non atomic disintegration, ψ −1 is a continuous map restricted to the second coordinate
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(a) Rj is a rectangle of dimension 1 contained in a F 1 -leaf
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(b) Rj is a rectangle of dimension 1 contained in a F 2 -leaf
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(c) Rj is a rectangle of dimension 2

Figure 1. Partition Q.
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and a measurable map when restricted to the first coordinate. Maps of these type are known as
Caratheodory functions and these are measurable maps ([1, Lemma 4.51]).
Consider the set Ht0 := ψ (Σ × [0, t]), which is measurable since ψ −1 is Caratheodory. Thus, the
set Ht = ∪n∈Z f n (Ht0 ) forms an invariant measurable set. Notice that by the definition of ψ we
have that if 0 < t < 1
Z
µ(Ht ) = µx (Ht ∩ Q(x))dµ̂(Q(x)),
Z
≥
µx (Ht0 ∩ Q(x))dµ̂(Q(x)),
R̂
Z
µx ([x, θx (t)]1 )dµ̂(Q(x)),
=
R̂

= µ̂(R̂)t > 0.
c
On the other hand, define G0t = Ht0 and the f -invariant set Gt = ∪n∈Z f n (G0t ). In a similar
manner as before we have
µ(Gt ) ≥ µ̂(R̂)(1 − t) > 0.
Therefore, by the ergodicity, both sets should have full measure. Although, this would imply that
their intersection also should have full measure but we claim this is not the case. In fact, if it were
true, for µ̂-almost every Q(x)
µx (Ht ∩ Gt ∩ Q(x)) = 1.
But if ω belongs to Ht ∩ Gt ∩ Q(x), without loss of generality, we may assume that for some n ∈ N,
ω ∈ f −n (Ht0 ) ∩ G0t . Hence, since f preserves orientation, it is easy to see that

 
t < µω ([0ω , ω]1 ) = (f n )∗ µω (f n ([0ω , ω]1 )) ≤ µf n (ω) 0f n (ω) , f n (ω) 1 ≤ t.
This is an absurd, which implies that the disintegration of µ is atomic for µ̂-almost every point. 

We have proved that µ has atomic disintegration with respect the partition Q. We now want
to see that there is a finite number of atoms on the disintegration considered. In order to do that
we first need to prove the measurability of certain sets.
Consider B a foliated (by F 1 ) box, as before, and identify B with the product D3 × D1 through
the corresponding homeomorphism.
Fix δ > 0, and consider the set
Hδ = {x ∈ B|µx ({x}) ≥ δ}.
Let us see that this is a measurable set. To do so, consider a countable basis V of the topology
of T4 . From Rokhlin’s theorem we know that the map x 7→ µx (V ) is measurable (up to measure zero) for any measurable set V . Therefore, by Lusin’s theorem, given any ε > 0 there exist
a compact set Kε ⊂ D3 such that µ̂(Kε ) > 1 − ε and x 7→ µx (V ) is continuous on Kε , for every V ∈ V. In particular, x 7→ µx is continuous with respect to the weak* topology for any x in Kε .
Let ε > 0 be fixed. For each x ∈ C, let A(x) be the set of atoms of µx . It is clear that the set
Γδ (x) := {a ∈ A(x) : µx ({a}) ≥ δ},

(5)

is finite, and hence compact. Furthermore, the definition of Kε ensures that the function x 7→ Γδ (x)
is upper semi-continuous on x ∈ Kε . Therefore,
Γ(ε, δ) := {(x, a) : x ∈ Kε and a ∈ Γδ (x)},
is a closed set. Then, ∪n Γ(1/n, δ) is a (measurable) full measure subset of Hδ . Thus, Hδ is a
measurable set (up to measure zero).
Consider {Bk : k ∈ N} a countable cover of T4 by foliated boxes. Proceeding as before we
obtain the measurable sets Hδk of atoms of measure bigger or equal to δ in each foliated box Bk .
Therefore,
[
Hδ+ :=
Hδk = {x ∈ C : µx ({x}) ≥ δ}
k∈N
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is also measurable.
Lemma 3. µ̂-almost every Q(x) contains only one atom.
Proof. Let x ∈ M and δ ≥ 0. Consider the set Hδ+ as before and notice that
δ ≤ µx ({x}) ≤ f∗ µx ({f (x)}) = µf (x) ({f (x)}).
Therefore, Hδ+ is invariant and, by ergodicity, it has measure zero or one. We know that µ(H1+ ) = 0
and µ(H0+ ) = 1. Let δ0 be the discontinuity point of the function δ 7→ µ(Hδ+ ), for δ ∈ [0, 1]. Hence
µ(Hδ+0 ) = 1, that means the weight of the atoms are all equal to δ0 . Therefore there are n = 1/δ0
atoms on each element of the partition Q.
Let us see that the disintegration of µ on Q has one atom per local leaf. Assume by contradiction
that n = 2, as the case of finite atoms is similar. Let a(x) and b(x) be the two atoms of µx . Without
loss of generality, let us assume that a(x) < b(x), where “<” is the fixed order in F 1 . Consider
A := {a(x) : x ∈ C}

and B := {b(x) : x ∈ C},

the sets of first and second atoms respectively. Since f preserves the orientation in F 1 , it is easy
to see that A and B are invariant sets.
Let Q = Q(x0 ) ∈ supp µ̂ and let V̂ be an open neighborhood of Q. Consider the disjoint sets
[
[
B(a) :=
{x} × B(a(x)) and B(b) :=
{x} × B(b(x)),
Q(x)∈V̂

Q(x)∈V̂

where B(a(x)) and B(b(x)) are two disjoint closed balls in Q(x) around a(x) and b(x) respectively.
Notice that, following the proof of the measurability of Hδ+ by substituting the set Γδ (x) in (5)
by B(a(x)), we can prove that B(a) and B(b) are both measurable sets. By the definition of B(a)
and B(b), their saturation by Q coincide, that is, π(B(a)) = π(B(b)). Therefore, B(a) and B(b)
have positive µ-measure.
Let us define the f -invariant sets
[
H(a) :=
f n (B(a))

and H(b) :=

n∈Z

[

f n (B(b)).

n∈Z

We claim that µ(H(a) ∩ H(b)) = 0. In fact, if it is not true we have that
Z
0 < µ(H(a) ∩ H(b)) = µx (H(a) ∩ H(b) ∩ Q(x))dµ̂.
Therefore, there must exist Λ̂ ⊂ Ĉ of positive µ̂-measure such that for every Q(x) ∈ Λ̂
µx (H(a) ∩ H(b) ∩ Q(x)) > 0.
Hence, a(x) or b(x) must belong to the intersection of H(a) ∩ H(b). Without loss of generality,
let us assume that there exists n ∈ Z such that a(x) ∈ f n (B(b)) ∩ B(a). Therefore, we have that
f −n (a(x)) = b(y) for some Q(y) ∈ V̂ . However, this contradicts the invariance of A, and we proved
our claim.
Now, by ergodicity of µ, the sets H(a) and H(b) should have full measure and have zero measure
intersection. Absurd, therefore we have only one atom on Q(x) which proves our claim.

Let denote the atom found in Lemma 3 by a(x), that is
µx = δa(x) .

(6)

We now want to see that the disintegration of µ on P has only one atom in each connected component of every element of the partition.
b := C/Q. Define fˆ : C
b→C
b by fˆ(ẑ) := fd
Recall that C
(z), which satisfies
π ◦ f = fˆ ◦ π.
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[ with nx connected components in the F 2 foliation. That
Notice that by (4) we can identify P(x)
b
means the space C has now a one dimensional foliation coming from this quotient. Consider the
b given by
partition Q
[ : x ∈ C},
b := {R(x)
Q
[ can be identified
where R(x) is the rectangle in P(x) containing x. Moreover, notice that R(x)
with the interval [c0 (x), c1 (x)]2 , where c0 (x) and c1 (x) are the corners of R(x) in the same F 2 -leaf.
b for the
Consequently, proceeding as before, the conditional measures η̂x defined by the partition Q
[ that we denote by â(x). Thus,
measure µ̂, have at most one atom in each R(x)
η̂x = δâ(x) .
Combining this with (6) we have that aj (x) ∈ π
Rj (x). This concludes the proof of our result.

−1

(7)

(â(x)) ∩Rj (x) is the only one atom per rectangle

Remark 5. For the higher dimensional case the proof follows in a similar manner. More precisely,
if dimE c = k after proving the atomic decomposition of the conditional measures of µ defined by
the partition Q, we proceed by reducing the dimension to k − 1 using a quotient procedure to define
the conditional measures (7). Continuing in this manner we keep reducing the dimension until
getting dimension 1 and conclude our proof.
5. Proof of Corollary 2
We are left with the task of proving that if H sends center leaves of f to center leaves of A and
if one of the conditions 1 or 2 are satisfied, then µ is virtually hyperbolic.
First, let us assume 1 is valid. Moreover, we assume that the center direction of A is expanding,
otherwise we work with f −1 .
By the proof of Theorem 3, there are at most countably many elements in P with positive measure, we get a full measurable subset M ⊂ T4 which intersects each center leaf in at most countably
many points. Furthermore, we claim that there exist finitely many atoms of µ per (global) center
leaf. In fact, this was proved in [14, Proposition 3.2]. Although they assume one dimensional
center foliation, under our assumptions their proof could be applied. Let us recall the main steps.
Assume by contradiction that every full measurable subset of M intersects any typical center leaves in infinitely many points. Define ν = H∗ µ which is an invariant measure by the linear hyperbolic automorphism. Let Ri be the Markov partition for A and consider the partition
c
c
Q := {FR
(x) : x ∈ Ri for some i}, where FR
(x) denotes the connected component of F c (x) ∩ Ri
containing x. The partition Q is measurable and we denote νx the disintegration of ν along the
elements of Q. The assumption of full support of ν guarantees it gives zero mass to the boundary
of the Markov partition.
As H(M) intersects typical leaves in a countable number of points, νx must be atomic. Moreover, there exists a natural number α0 ∈ N such that νx contains exactly α0 atoms for ν-almost
every x (see [14, Lemma 3.3]). Hence, given a fixed L ∈ R+ , there exist N ∈ N such that the
number of atoms in any typical center plaque of diameter L is at most N . We are assuming
that H(M) intrinsically intersects center leaves in infinitely many points (or non uniformly finite).
Taking D ⊂ F c (x) with more than N atoms. By backward contraction along central leaves by
A there exists n > 0 such that the diameter of A−n (D) is less that L. As ν is invariant and the
uniqueness of the disintegration, we get a center plaque with diameter less than L containing more
than N atoms, which is absurd and establishes our claim.
We have proved that the number of atoms is finite and constant by ergodicity on almost every
center leaf. The task is now to conclude that, since f preserves orientation, the number of atoms
is one. In order to do this first consider the set of atoms in each F 1 -leaf. Proceeding as in the
proof of Lemma 3, we can prove that there must be only one atom per F 1 -leaf. Now consider
e := C/ ∼, where x ∼ y iff y ∈ F 1 (y). The way we should see C̃ is as turning the
the space C
center foliation (which is a plane) into a 1-dimensional segment. Let us denote this new foliation as
Q̃. Notice that the disintegration of µ in the partition given by Q̃ is exactly the quotient measure η̂ x .
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Figure 2. Global Atom in a center leaf.
Since F 1 has an orientation, we may define a transversal orientation by the following way: a
c
c
vector v ∈ Tx Floc
(x) points in the positive direction if for any positive vector w ∈ Tx Floc
(x) we
c
have ωx (v, w) > 0, where ωx is the restriction of the volume form to Floc (x).
Now consider the extremal atoms per central leaf. By left extremal atom we consider the atom
e is the left extreme one (see Figure 2). Since f preserves
whose projection by the map π : C → C
1
the orientation in F , then f preserves the transversal orientation. Once again, proceeding as the
proof of Lemma 3 we conclude that there is only one atom per global center leaf. Therefore, µ is
virtually hyperbolic.
s
u
or EA
. Without loss
On the other hand, if 2 is valid then H(F 1 ) must coincides with EA
1
u
of generality, let us assume H(F ) coincides with EA . By the proof of Theorem 3, the set M
intersects each F 1 leaf in at most countably many points. Proceeding as before, using the F 1
foliation instead the center one, one can also conclude that µ is virtually hyperbolic.

6. Proof of Theorem A
Case 1: µ(C) = 0
This case follows as in the proof of [14, Theorem A]. We present it here for completeness.
Let ν be the unique equilibrium state of (A, φ). Assume by contradiction that there exist η
another equilibrium state for (f, ϕ = φ ◦ H). By the uniqueness of ν we have that H∗ µ = H∗ η.
Let ψ : T4 → R be any continuous map. Since H −1 H(C) = C we have η(C) = 0. Therefore,
Z
Z
ψdµ =
ψdµ,
T4 \C
Z
ψ ◦ H −1 dH∗ µ,
=
T4 \C
Z
ψ ◦ H −1 dH∗ η,
=
T4 \C
Z
=
ψdη,
T4 \C
Z
= ψdη.
Since ψ is arbitrary, this implies that µ = η.
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Case 2: µ(C) = 1
Consider the partition:
P := {P(x) := H −1 H(x)|x ∈ C},
and denote by µx the conditional measure of µ supported on P(x). We proceed as in the proof of
Theorem 3. Hence, we have that
nx
X
pj (x)δaj (x) ,
µx =
j=1

for some aj (x) ∈ Rj (x). Moreover, if conditions 1 and 2 are satisfied, then µ is virtually hyperbolic.
The only thing left to prove is the existence of another equilibrium state.
Lemma 4. If H sends center leaves of f to center leaves of A and 2b is satisfied then, the set of
extremal points of intervals Q(x) = P(x) ∩ F 1 (x) forms a measurable set.
1
Proof. Let us denote FA
the foliation of the center direction of A induced by the image of F 1 by
the semiconjugacy H. We will prove the measurability of the lower extremal points of Q(x). The
case of higher extremal points is similar.
1
Consider ϕ : T4 → T4 the flow on T4 having constant speed one in FA
. More precisely, we know
1
that the leaves of F in the center foliation of A are straight lines and orientable by assumption.
1
1
Define ϕ(t, x) the unique point in the FA
(x) which has distance t inside this FA
-leaf and in the
positive direction from x.

Following the proof of [19, Lemma 3.2], we have that H(C) is a measurable set. Therefore,
ϕ(−1/n, H(C)) is a measurable set. Furthermore, since H is continuous, the set H −1 (ϕ(−1/n, H(C)))
is also measurable.
Consider Ĉ = C/Q where Q := {Q(x) := P(x) ∩ F 1 (x) : x ∈ C}. Let
φn : Ĉ → H −1 (ϕ(−1/n, H(C))) ,
be the function given by the Measurable Choice Theorem 2 applied to the product Ĉ × T4 and the
measurable set G = H −1 (ϕ(−1/n, H(C))).
Notice that fixing Q(x) ∈ Ĉ we have that φn (Q(x)) is an increasing sequence. Therefore, we
can define the function
φ :Ĉ → T4
Q(x) 7→ lim φn (Q(x)),
n→∞

and by its construction φ(Q(x)) is the lower extreme of Q(x). Notice that φ is a measurable
function because it is the limit of measurable functions. Let π the canonical projection and let
µ̂ = π∗ µ the measure in the quotient space. By Lusin’s theorem for any n ∈ N there exist a
compact set K̂n ⊂ Ĉ such that µ̂(K̂nc ) < 1/n and φ is a continuous function when restricted to
K̂n . Therefore, φ(K̂n ) is a compact set. Without loss of generality we may consider Ĉ = ∪n∈N K̂n .
Therefore,
[
φ(Ĉ) =
φ(Kn ),
n∈N

is a measurable set. Thus, we have proven so far that the base of the intervals from Q forms a
measurable set.

We have seen that the center foliation is measure theoretically equivalent to the partition of T4
into points, hence measurable. Let us denote (M̂ , µ̂) the quotient space M̂ := T4 /F c equipped
with the quotient measure. We denote by fˆ : M̂ → M̂ the induced map on the quotient space.
Therefore, since µ if f -invariant, then µ̂ is fˆ-invariant.
Notice that, by the virtual hyperbolicity proved above, every element x̂ ∈ M̂ can be identified
by the unique Qx (z) ⊂ F c (x) where its atom belongs to. When Qx (z) is a collapse interval inside
a F 1 -leaf, we define Q(x̂) := Qx (z). On the other hand, if Qx (z) is a point, this means that the
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rectangle Rj containing the atom is one dimensional and contained in an F 2 -leaf. In this case, we
define Q(x̂) := Rj (see Figure 1b).
Thus, we can write
µ=

Z

δa(x̂) dµ̂,

where a(x̂) is the atom inside the collapse interval Q(x̂). Choose b(x̂) 6= a(x̂) the left (or right)
extreme point of Q(x̂). Let us define
Z
η = δb(x̂) dµ̂,
which is well-defined because {b(x̂) : x̂ ∈ M̂ } is measurable by Lemma 4. We claim that this is an
f -invariant ergodic measure satisfying H∗ η = H∗ µ. In order to see this, consider any continuous
map ψ and notice that
Z
Z Z
ψ ◦ f dη =
ψ ◦ f dδb(x̂) dµ̂
Z
= ψ(f (b(x̂)))dµ̂
Z
= ψ(b(fˆ(x̂)))dµ̂
Z
= ψ(b(x̂))dµ̂
Z
= ψdη,
where the third equality comes from the invariance of collapse intervals and that f preserves the
orientation of the F i -foliations with i = 1, 2. The fourth equality is due to the fˆ-invariance of µ̂.
To see the ergodicity of η, consider any invariant subset D with positive η-measure. Since µ̂
is ergodic and f (b(x̂)) = b(fˆ(x̂)), we have that the set {x̂ : 1D (b(x̂)) = 1} is fˆ-invariant. So the
ergodicity of µ̂ guarantees it has full measure, which implies η(D) = 1.
Notice that, if ϕ = φ ◦ H, since H(a(x̂)) = H(b(x̂)) then
Z
Z
Z
Z
ϕdη = ϕ(b(x̂))dµ̂ = ϕ(a(x̂))dµ̂ = ϕdµ.
However, by the essential uniqueness of disintegration we have that η 6= µ.
We are left with the task of determining hη (f ) = hµ (f ). But this is a direct consequence of the
fact that (f, µ) and (f, η) are measure theoretically isomorphic by the map that sends a(x̂) to b(x̂).
Thus, η is also an equilibrium state form (f, ϕ).
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